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ABSTRACT

In this study, Neutrophic normed spaces, which is one of the popular mathematics topics of recent
times, is discussed. The Neutrosophic approach, which argues that it is insufficient to evaluate the
problems in daily life as just right and wrong, is based on the principle that the degree of indecision
should be taken into account. Now, rough statistical convergence of triple sequences is defined in
Neutrosophic normed spaces. Moreover, the important topological properties about to the set of
cluster points of roughly statistical convergent triple sequences are given.

Keywords rough statistical convergence, neutrosophic normed spaces, triple sequences.

OZET

Bu ¢alismada, son zamanlarin popiiler matematik konularindan biri olan Nétrosofik normlu uzaylar
ele alinmistir. Giinliik yasamdaki sorunlar1 sadece dogru ve yanlis olarak degerlendirmenin yetersiz
oldugunu savunan Noétrosofik yaklagim, kararsizligin derecesinin dikkate alinmasi gerektigi ilkesine
dayanmaktadir. Bu yazida, Notrosofik normlu uzaylarda fglii dizilerin rough istatistiksel
yakinsaklig1 tanimlanmistir. Ayrica, rough istatistiksel yakinsak ticlii dizilerin yigilma noktalar
kiimesiyle ilgili 6nemli topolojik 6zellikler verilmistir.

Anahtar Kelimeler rough istatistiksel yakinsaklik, nétrosofik normlu uzaylar, ti¢lii diziler.

1. INTRODUCTION

The concept of fuzzy set was introduced in (Zadeh, 1965). A lot of research has been done in this
field. Some of the recent ones are as follows. (Chandra Das, 2018). (Bilgin and Bozma, 2020),
(Adhya and Deb Ray, 2022). Later, the intuitionistic fuzzy set concept was established in
(Atanassov, 1986), which is an alternative approach to define a fuzzy set when the available
information is not enough to define a fuzzy set. A few examples of studies on this concept are as
follows. (Coskun, 2000), (Bilgin and Bozma, 2021), (Granados and Das, 2022). While intuitionistic
fuzzy sets seem to adequately describe the uncertainty and lack of precision of the data, this is not
the case, thanks to the approach introduced by (Smarandache, 1998) in recent years. Neutrosophic
sets are constructed with the help of the membership function of indecision states.

Statistical convergence in Neutrosophic normed space is given by (Kirisci and Simsek, 2020).
(Granados and Dhital, 2021) defined statistical convergence for double sequences on Neutrosophic
normed space. Neutrosophic triplet normed space is given by (Sahin and Kargmn, 2017). Later,
many convergence types is carried to Neutrosophic normed space. One of them is rough
convergence.

The rough convergence has been initially defined by (Phu, 2001) for normed spaces. (Aytar, 2008)
used the concept of natural density to transfer the rough convergence to rough statistical
convergence. (Malik and Maity, 2013) and (Dundar and Cakan, 2014), is defined rough
convergence in double sequences.
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The rough statistical convergence is defined using triple sequences in (Debnath and Subramanian,
2017). (Antal et all, 2021) studied rough statistical convergence in IFNS and gave main properties
this convergence. The idea of rough convergence is quite interesting. Because it is well known that
if a sequences is ordinarily convergent, its limit is unique. This property does not apply to rough
convergence.

Neutrosophic normed space is preferred to study in this paper as it is a comprehensive mathematical
subject to explain truth, falsity and uncertainty in daily life problems. After the studies in the
literature mentioned above, the idea of transferring the concept of rough convergence of triple
sequences to the theory of statistical convergence emerged, in this study, the subject of rough
statistical convergence of triple sequences in neutrosophic spaces will be studied in order to fill the
relevant deficiency in the literature.

2. PRELIMINARIES
A sequence (y,,) is called to be statistically convergent to y if for each € > 0,
§({neN:|y, —yl=¢€}) =0.

Then, the three-dimensional analogue of natural density is defined (see for example Sahiner et all,
2007) as:

A subset M of N x N x N is called to have natural density 65 (M) where

M ) )
5,(M) = tim 1ML 2W)]

u,v,w—00 uvw

exists. Here, |M(u,v,w)| demonstrate the numbers of (m,n,0) in D where, u>m,v >
nandw = o.

(Sahiner et all, 2007) defined statistical convergence for triple sequence. (Vo) IS called to be
statistical convergent to y if for all e > 0,

53({(m'n'0) €N XN X N: |ymn0 _yl >e})=0.

In this case, it is denote with st — lim V.0 = V.

m,n,0—co

Now, the definition of rough convergence in the sense of Pringsheim defined using triple sequences
by (Debnath and Subramanian, 2017). will be given as:

(¥mno) is Named to be rough convergent to y demonstrated by y,,,,,,”.y such that for every € > 0,
any € N:m,n,o0 = ng then |y,.0 — y| < 7 + €. Here, 7 is the roughness of degree.

The rough limit set of (y,n0) IS demonstrated with LIM;,,,, = {y: Ymno Y } It can be easily seen
that rough limit set is not unique.

It's time to remind important concepts related to neutrophic normed space.

Definition 1.2 (Smarandache, 1998) Let X' # @, T, (), Sy () and &5 (v) are the degrees of
correctness, uncertainty and falsity. A neutrosophic set n is in the next form: n =

{(3 700, S 0, Ep @) 1y € X} where for all y in X T/ (), ey (V) and i (¥) €
[0'1]: 0 < T(n,c) (y) + Sl (y) + f(n,f) (y) < 2.

Here, it should be noted that, ¢,,(8) is an independent component, 7, (y) and &q.5(y) are
dependent components.

Definition 1.3. (Kirisci and Simsek, 2020) Let X' be a linear spaces, ¢ and A demonstrate the
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continuous t —norm and continuous t —conorm on R. The notation of Neutrosophic Normed is

{((Drp)rr(n,c)(orp)' C(n,u)(or p)r E(n,f)(ot p)):(o, p) € X X (0, oo)} where T(n,0) Clnu) and f(n,f)
demonstrate the degree of correctness, uncertainty and falsity of (o,p) on X X (0, 00) satisfies
following conditions: For all 04,0, € X,

I. For every p € R* Tm,0) (D' p) + S (Dr p) + E(n,f) (D' p) <2,

ii. For every p;,p, € RY,

T(n,c)(olrpl) 0 T(n,c)(Derz) < T(n,c)(01 + 02,P1 + P2),

G (01' pl) A G (02' Pz) = G (01 +D0y,p; + Pz)»

S (o1, p) A f(n,f)(DerZ) = f(n,f)(ol + 02, p1 + P2).

iii. Foreveryp € R*, 7,9 (0,p) =1 0 =0, ¢,)(0,p) =0 & 0=10,¢,;(0,p) =0 & 0 =0,

iv. For each p # 0, T(o(p0,p) = T(ne (ol:%l) S (PO, P) = G (oﬁ) and &g, (po,p) =

p
qeh (D' m)-
V. Tgo(0,) is continuous non-decreasing function, ¢¢,,)(0,") and &5 (o,’) are continuous non-
increasing function,
Vi. Sh_)r(r)lo Tino(0,p) =1, sll_{g S (0, ) = 0 and Sl_ig $mp(o,p) = 0.
vii. If s < 0, then 7, (0, ) = 0, ¢y (0, p) = 1and &5 (0, p) = 1.

In this case, (X, T(n,o) q(n,u),f(n,f),o,A) is called Neutrosophic Normed Spaces. Here 7,y and ¢ey)
are interdependent and &, ;) is an independent components.

A few studies on the types of convergence in Neutrosophic spaces are as follows.(Khan et all,
2021),(Kisi, 2021) and (Gonul Bilgin, 2022). Now with the motivation of the studies done in e.g.
(Antal et all, 2021), (Debnath and Subramanian, 2017) and (Kisi and Gurdal, 2022) it is possible to
move on to the section where new definitions and theorems will be given.

3. MATHERIALS and METHODS

Definition 3.1 Let (X, (e Suuy Empr ¢ 2) be @ Neutrosophic Normed Spaces, (yinno) be a
triple sequences. (o) is called to be rough convergent to y for some »~ € R* such that every
€ > 0, there exits any € Nand 0 <y < 1:for all m,n,o0 = ng if 740 Vmno — ¥, 7+ ) >1—vy,
Stnw) Vmno =V + &) <y and &) Vmno — ¥, 7 +€) <y. Then, it is denote with
lim —

7 —mnk—c Ymno = V-

Definition 3.2 Let (¥,,,0) be a triple sequences in (X, Tine)r St S A). Fmno) is Nnamed to
be rough statistically convergent to y for some »~ € [0,00) such thatevery e > 0and 0 <y < 1if

83({(m,n,0) € N XN X N: 7,0 WVmno — ¥, 7 + &) < 1 =y 0r ¢y Wmno — ¥, 7 + €) =y and

S mno — Y7 +€) = y}) = 0. Then, it is denote with st — » _m,nl,iknioo Vmno = V-

Here, For »~ =0, rough statistical convergence compatible with the statistical convergence in
(X, Tne)r Stua)r S A). The rough statistical limit of a triple sequences may not be unique. Let
rough statistical limit set of (y,,n,) IS denoted with;

St — 7 — LIM (Yimno) = {y: st—r _m,nl,ﬂoo Ymno = y}'
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Definition 3.3 Let (x, T St S A) be a Neutrosophic Normed Spaces, (Vino) b€ a
triple sequences. (y10) 1S called to be rough statistically bounded for some » € R* such that every
e>0and 0 <y < 1ifthereexistsa K > 0 such that

53({("1' n, 0) € NXNXN: T(n,c)(ymno'K) <1- y or C(n,u)(Ymno: K) = Y and f(n,f)(ymnor K) = )/}) =0.

Now, using these definitions, the following important theorems can be initiated for triple sequences
in Neutrosophic normed spaces.

Lemma 3.1 Let (X, T(r0, Sy $npyy @ 4) be a Neutrosophic Normed Spaces, (ymno) be a triple
sequences. For some non negative real number 7, if St —» —LIM(ymm) # @ then (Yno) IS
bounded sequnces in (X, 7o), Sy €y & D).

Proof Let (yn,) be a triple sequences in (X, T(0) Stuuy Enpy & A) and some > 0, St — 7~ —
LIM(y, )+ @. Then there exists y and y € St —# — LIM(y ). Foralle > 0and 0 <y < 1,itis
written

85({(m,n,0) € N X N X N: 7 o = ¥, 7" + &) S 1=y 08 Gy Wmno — 3,7 + &) 2 v and &y Omno = ¥, 7
+8)=yh =0.

S0, (Ymno) Is statistically bounded in (X, Tn ey Seuuy €y 0 2)-

mno mno

Lemma 3.2 Let (X, Tne) Seua)r Snf)r A) be a Neutrosophic Normed Spaces, (ymno) be a triple
sequences. If (Yno) is bounded sequnces in (x » T(ne)r St S(nf)r A) then, for some non negative
real number #~, if St —# — LIM(y,_ ) # 9.

mno

Proof (ymno) be atriple sequences in (2, Tine)r Stna)r S A) and (Vo) is bounded sequnces.
Forall e > 0and 0 < y < 1 and some non negative real number #~ there exists a K > 0 such that

63 ({(m, n, 0) € NXNXN: T(n,c)(ymnOvK) <1- Yy or C(n,u) (YmnorK) = Y and f(n,f)(ymno' K) = V}) = 0.
Let a set of the form

M = {(m, n,0) € N X N x N: T(n,C)(ymno' K) <l-yor g(n,u)(ymno, K) > yand f(n’f)(ymno,l() > y}

is defined. For (m,n,0) €M, it is written TqoGmno K) >1—v and ¢ Fmno K) <7,
&) Wmno» K) < y. Furthermore,

T(n,0) (ymno:'rv + K) >1- Y and Sl (ymno:/’/v + K) <7 f(n,f) (ymno:/’/v + K) <v.
So0 € St —+ — LIM(y, ). Hence St —» — LIM(y_ ) # @.

mno mno

In the following section, some topological properties of the set of St —» — LIM(y ) will be

examined.

mno

Theorem 3.1 Let (yn,) is @ triple sequences in (X, e, Suuy $py o A) then St —a —
LIM(y, ) is closed sets.

Proof It is easy to show that St —+ — LIM(y, ) =®, so let St —+ — LIM(y, ) # @. Then,
choosing a triple sequences (y, ) and ¥’ >0, where (1—y)o (1—y)>1—y', y Ay <y'and
St =1 =t o Ymno = ¥. It will be shown that y € St —» — LIM(y__ ). Let £ > 0 and using
rough statistical convergence; there exists a n, € N such that for m,n, k > n,,

mno
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T(no) (ymno -V g) >1=Y S (ymnO -y g) <yand Sp (ymnO Y g) <V

If choosing ¥/’ € St —#~ — LIM(y_ ) where m’,n’, 0’ > n, such that

&

83 ({(m, n,0) € NXNXN:7g, (ymno — Ym'n'oh* + g) <1—yorguy (ymno — Voin'oh ¥+ §) >y

&
and f(n,f) (ymno —Ym'n'o" "t §) = ]/}) = 0.

For (k,1,s) € {(m, n,0) ENXNXN:7, (ymno — VYo "+ g) > 1=y 0r ¢uuw Fmno — Ym/n'o"
7+ g) <yand ¢y (ymno — Ym'n'oh ¥+ 5) < y}. Furthermore, 7o) (Viis — 7 +€) > (1 —y) o
(1=9)>1—y and ¢auOiis =¥ +) SV AY <V, §apWs =y +&) Sy Ay <y.So,

(k,1,s) € {(m,n,0) € Nx N X N: T Gmno — ¥, 7 +€) > 1=y 0r ¢y Vmno — ¥~ +€) <y
and &5 Vmno — ¥, + €)< y}. Then,

£ £
{(m, n,0) ENXNXN:7(, (ymno =Y 5) > 1=, Sm (ymno =Y+ 5) < yand
€

&
E(n.f) (Ymno —Ym'n'o " +§) <y} & {(m,n, 0) € N XN x N:T(n,c) (Ymno T +§) >1-y,

€ €
S Omno —y, 7 + 5) < yand f(n,f) (ymno -y, + §) <y}

Thus, 63{(m, n,0) € NX N x N: T(n,C)(ymno -y, 7+ s) <1-yor C(n,u)(ymno -y, r+ s) > y and
€
E(n.f)()’mno -y, v +&)=y} <63 {(m,n, 0) ENXNXN: Tm,0 (Ymno —Ym'n'o " +§) <l-yor

€ £
C(n'u)ymno ~Ym'n'o" " + §) > Y and f(n,f) (ymno —Ym'n'oh ¥ + §) 2]/}
Hence,
63 { (m,n,o) €NXNX N:T(n'c)(ymno -yt S) <l-yor g(n,u)(ymno —-yr+ 5) >y and
f(n,f)(ymno -y, v +e)=y}=0.
Consequently, it is shown that y € St — # — LIM(y, ).

Definition 3.4 Let (X, Tne)r St S A) be a Neutrosophic Normed Spaces, (Vmno) be a
triple sequences. For some r € [0,),all e > 0and 0 <y < 1,

83 {(mn,0) ENXNXN:it,o(y, —zr+e)>1—y and ¢y,  —2z++¢e) <y and

mno mno

Enp) Omno — 2,7 + )<y} # 0, then, y is named rough statistical cluster point of (yn,). It is
denote with st —# — cls point of (ynn,). Let Cy  is demonstrated the set of every st —# —

cls point of (Vo) in (X, T,y St Sy Q).

Theorem 3.2 Let (X, T(ne) Snuy $npy, Min, max) be a Neutrosophic Normed Spaces, (ymn,) be a
triple sequences. Then, for some r € [0,),all e > 0and 0 <y < 1thesetcy s closed.

Proof Let ¢;;  # @ be taken as the proof for Cj, = @ is clear. Now, choosing (z,,,) € C5,

Ymno Ymno
lim

and 7 — ks Zmno = 2. If 2z € G5 is proven, the proof is complete. Using definition of rough
convergence of sequences, for each e >0 and 0 <y < 1, there exists n, € N such that for

www.euroasiajournal.org 51 Volume (9), Issue (21), Year (2022)



Euroasia Journal of Mathematics, Engineering, Natural & Medical Sciences (’ ?
International Indexed and Refereed ’ /
ISSN 2667-6702

& & &
m,m,o > ny, T(n,e) (ymno - Z, E) >1- Y, Smuw) (ymno - Z, 5) <y and S;(n,f) (Ymno - Z, E) <v.
Choosing 71 € N where i > n,. S0, 7, (yﬁ - Z, g) >1—Y, Su (yﬁ -z, g) <yand &qpn(yn —

zg) < y.Using (Zyno) S G So

Ymno’

it is written y; € C;,

Ymno*

O3 ({ (m,n,0) ENXNXN:7(, (ymno - Vi, + g) >1-vy, c(n,u)(ymm - Va7 + g) <vy
and f(n'f)(ymno =Y+ %) < y}) # 0.

Taking
€

€
3) >1-v, c(n.u)(ymm, — Yt —) <y

(M, 7,6) € {(m,n,0) € N X N x N: (9 ( 2

Yt +t

mno

&
and () (ymno - Y, + 5) < y}.
Thus, it is written that
&

T(n,0) (yﬁlﬁa =Y + 5) >1-v, Suuw (ymns — Yot §) <y and E(n‘f)(yﬁlﬁﬁ —Vp T §) <Y
Then, similarly
T(n,o) (ymﬁa - zZ,r + s) >1-—y, c(n‘u)(ymﬁa —-Z,r + s) <yand E(n‘ﬂ(ymﬁa - Z,r + e) <y.
Hence,

(m,n, o) € {(m, n,0) € N X N x N:T(n:c)(ymno —zZ,r + e) >1-—y, q(n,u)(ymno -z, r+ e) <y
and E(n,f) (ymno —zr+ g) < ]/}-
Then,

& &

83 ({ (m,n,0) EN XN X N:7, (ymno - Y7+ E) >1-v, o, —yar+ E) <y
and f(n’f)(ymno =V * +§) < y}) <63 ({ (m,n,0) e NX N XN:7¢, (ymno - Z,r +§) >1-v,
c(n,u) (Ymno —Z,7r + g) <y and g(n,f) (ymno —Z,7r + g) < }/})

Using definition of natural density

83 ({ (m,n,0) ENXNXN:7(, (ymno -z, +§) >1-Y, SV, — 27 +§) <y
and f(n'f)(ymno - Z,r + g) < y}) * 0.

So,z € €y . This, completes the proof.

Theorem 3.3 Let (y,10) IS @ triple sequences in (X, T(ne)r St Sy MIN, max) then the set St —
r —LIM(y, ) is convex.

Proof
For y1,y, € St — # — LIM(¥un0), € > 0 and some 0 < a < 1, it will be shown that ((1 — a)y; + ay,) €
St — 7 — LIM(Yno)- Let R, R be defined as:

) r+ & < r+ e
R = {(m: n,0) € N XN X N-T(n,c) (ymno _Y1:m> <1- y or C(n'u)(ymno - Yu m) =

r+e
and §( (ymno - 3’1,3(1—_00) > Y},
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~ r+ & 7+ €
R ={(m1n:0) EN><NXNn—(n,c)()’mno_er ) =< 1—]/ or C(nu)(ymno_YZ: —) >y and
3a ’ 3a

f(n,f) (Ymno — Y /r3_-;€) 2 V}-

Using yy,y, € St — # — LIM(¥mno), it is written 85(R) = 85(R) = 0. Let (i, A, 6) € R° n R¢, then

T(n,c)(}/mno - ((1 - a))ﬁ + QYZ)'/’” + 5) = T(n,c)((l - a)(ymno - yl) + a(Ymno - YZ)'/"' + 8)

. r+e& r+e&
= min T(n,0) (1 - a)()’mno - Y1)rT » T, (a(Ymno - YZ)r T)

. r+ & r+e&
= min T(n_() (Ymno - }’1); 2(1 — a) ,T(n,c) (Ymno - yZ)l 2a >1- )/r

$) (Vo = (U= @y, + @7,) 7+ €) = Gy ((1 = DBy = 31) + @3,y = 7,)7 + )

r+e rrE
< max {g(n’u) ((1 — cx)(ymno — yl), T) ) C(n‘u) (a(ymno - yZ): 2 )} <Yy

and

End (Vo = (A= @y, +@y,) 7+ €) = £y (1 = DGy = 91) + Ay = 7,) 7 + )

r+e

+
< max {f(n,f) ((ymno — Y1), ﬁ) ) f(n,f) (a(Ymno —¥2), 2_)} <Y.

Then, it is written that

O3 ({ (m,n,0) ENXN X N: T(n'c)(ymno - ( (1-a)y, + ayz),r + e) <1l-—yor C(n:u)(ymno —((1 -
a)y; +ay,),r +&)=1—yand f(n,f)(ymno — ((1 —a)y; + ayz),/r' + 8)2 1- y}) = 0.

Consequently, ((1 — a)y; + ay;) € St — # — LIM(Ymno)- SO, it is shown that the set St — 7~ —
LIM (Y;n0) 1S CONVEX.

Theorem 3.4 Let (X, T(ne), Senuy Enpy min, max) be a Neutrosophic Normed Spaces, (yimno) be a
triple sequences. For some » > 0,0 <y < landaw € X(fixed), let

oW, 7, 7) = {Ymno: T(n,c)( Ymno —W,7) >1—y, Slnu) Omno =W, ) <, f(n,f) Omno —w, ) < ]/}

and

ow,y,r) = {Ymno: T(n,c)( Ymno — W, r)=1-y, Slnuw) (ymno -w,r) <Y, f(n,f) (Ymno -w,r) < }/}-
Then,

Cﬁ;ﬂmno = U O-(W’ v, /rv)

WEC}’mno

where ¢, is denote the set of ordinary statistical cluster point of (Vo).

Proof
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Let y € Uwee,, o(w,y,r).For some » > 0and given y € (0,1) there exists w € C,,  such that

Tmo(W—=27)>1 -y, ¢pupWw—y,7) <yand éppnw —y,7) <y.
Also, for #~ > 0 usingw € C,, ., then there exists a set

P =(m,n,0) ENXN x NT(n,c)( Ymno — W, 7) >1—y, C(n,u)( Ymno — W, 7) <Y, f(n,f) Omno —w,7) <y
and 65(P) # 0. Hence for (m,n,0) € P,
T(n,c)( Ymno — W, 7 + /’;) = min{T(n,c)( Ymno — W, ”;)' T(n,0) (W e ”'v) } >1- Y,

C(n,u)( Ymno — W, 7 +7°) < maX{C(n,u)( Ymno — W, 7), Slnu) w—y,7) } <y
and

f(n,f)( Ymno — W, 7 + /’;) < max{f(n,f)( Ymno — W, ”'_v)' f(n,f) (W =Y ”’v) } <Y.
From hence,

O3 {((m,n, 0) ENXNXN:7q 0 (Vmno =7 +7) > 1 =¥, 600 (Ymno — ¥, 7 +7) <y and

$np(Vmno =y, 7 +7) < Y)}# 0_—
Thus,y € Cy andthen Uyee, ~ow,y,7) S Cy

Ymno*

It can be easily shown from the definition of cluster that Cj, S Uyee, oaw,y,r)

Theorem 3.5

Let (¥mno) be a triple sequences in (X, 7q0, Sauuy Emp, min, max) and (Ymno) is statistically
convergent to y.For some #~ > 0, there exists y € (0,1) such that St — 7 — LIM (Ypno) = o (3, v, 7)

Proof

For # > 0, using statistical convergence of (ymn,), there exists

T ={(mmn,0) € NXNXN:740(¥mno = ¥7) 1= 0 ¢y (Yimno — ¥, %) 2 ¥ and g py Vmno
—y,#) =y} and 65(T) = 0. Let s € o(y,y, ) and for (m, n, 0) € T¢,

T (Vmno = $,7 +7) > 1=V, ¢(u) (Ymno — 5,7 + 7) <y and &apn(Ymno — 5,7 +7°) <.

Thatis s € St — 7 — LIM (Yyn0)- SO, 0(y,y,7) € St — # — LIM (Ypno0)- Furthermore,
St — v — LIM(Yyno) € a(y, v, 7). Consequently, St — » — LIM (Yyn0) = (v, 7, 7).

4. CONCLUSION

We have carried the concept of rough statistical convergence, defined in intuitionistic fuzzy normed
spaces, to Neutrosophistic normed spaces using triple sequences. So, we have extended some well-
known important results. The important topological properties of the set of rough statistical limit
points are given.
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