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ABSTRACT 
In the present study we consider 1-type, biharmonic, weak biharmonic and harmonic 1-type curves 
in semi-Euclidean space 4

2R  according to the timelike Frenet frame. We give some characterizations 
and classifications of these type curves. 
Keywords: Biharmonic timelike curve, 1-type timelike curve, Weak biharmonic timelike curve, 
Harmonic 1-type timelike curve, Semi-Euclidean space. 
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1. INTRODUCTION 

Chen and Ishikawa classified biharmonic curves in pseudo-Euclidean space n
vE  [1]. They showed 

that every biharmonic curve lies in a 3-dimensional totally geodesic subspace. Further, Inoguchi 
gave a classification of biharmonic curves in semi-Euclidean 3-space. He pointed out that every 
biharmonic Frenet curve in Minkowski 3-space 3

1E  is a helix whose curvature and torsion satisfy 
2 2τ κ=  [5],[6]. Kılıç examined finite type curves and surfaces and gave a classification of 

harmonic and weak biharmonic surfaces [7]. 
In this paper we give the characterizations of 1-type, biharmonic, weak biharmonic, harmonic 1-
type curves with the help of the Frenet frame components presented for timelike curves in semi-
Euclidean space 4

2R . Also, we present some classifications according to the curvatures of such 
curves. 
 

2. PRELIMINARIES 
To meet the requirements in the next sections, the basic elements of the theory of curves in the semi 
Euclidean space 4

2R  are briefly presented in this section. A more complete elementary information 
can be found in [10]. Semi-Euclidean space 4

2R  is an Euclidean space provided with standard flat 
metric given by 

2 2 2 2
1 2 3 4g dx dx dx dx= − − + +  

where 1 2 3 4( , , , )x x x x  is a rectangular coordinate system of the 4
2R . A vector v in 4

2R  is called a 
spacelike, timelike or null (lightlike) if respectively hold g(v, v) > 0, g(v, v) < 0 or g(v, v) = 0 and v
≠ 0. The norm of a vector v is given by ( , ) .v g v v=  Therefore, v is a unit vector if g(v, v) = ±1. 
Two vectors v and w are said to be orthogonal if g(v,w) = 0 [10]. 

_____________________________________________________________________

_____________________________________________________________________

Euroasia Journal of Mathematics, Engineering, Natural & Medical Sciences 
International Indexed and Refereed 

ISSN 2667-6702

www.euroasiajournal.org 217 Volume (8), Issue (17), Year (2021)

https://orcid.org/0000-0001-8034-0723
https://orcid.org/0000-0001-6503-8243
https://orcid.org/0000-0001-8034-0723
https://orcid.org/0000-0001-6503-8243


Similarly, an arbitrary curve ( )sγ γ=  in 4
2R  can locally be spacelike, timelike or null (lightlike) if 

all of its velocity vectors '( )sγ  are, respectively, spacelike, timelike or null (lightlike). The velocity 
of the curve γ  is given by '( )sγ . Thus, a timelike curve γ  is said to be parametrized by arc length 
function s if g( ', 'γ γ ) = −1 [10]. 

Let {T(s), N(s), B1(s), B2(s)} denotes the moving Frenet frame along  in the semi-Euclidean space 
4
2R , then T(s), N(s), B1(s) and B2(s) are called the tangent, the principal normal, the first binormal, 

and the second binormal vector fields of γ , respectively. 

A unit speed curve γ  is said to be a Frenet curve if ( '', '') 0.g γ γ ≠  Let γ  be a C∞  special timelike 
Frenet curve with timelike principal normal, spacelike first binormal and second binormal vector 
fields in 4

2R , parametrized by arc length function s. Moreover, non-zero C∞  scalar functions 1 2,κ κ  
and 3κ  be the first, second, and third curvatures of γ , respectively. Then for the C∞  special 
timelike Frenet curve γ , the following Frenet formula is given by 

(2.1)                                      

1

1 2

2 31 1

32 2

0 0 0'
0 0'

0 0'
0 0 0'

T T
N N
B B
B B

κ
κ κ

κ κ
κ

−    
    
    =
    
    −    

 

where T, N, B1 and B2 mutually orthogonal vector fields satisfying g(T, T) = g(N,N) = −1, g(B1,B1) = 
g(B2,B2) = 1. (for the semi-Euclidean space 1n

vE + , see [3],[9]). 

Let 4
2( ) :s I R Rγ γ= ⊂ →  be an arclengthed curve. Namely the velocity vector field 'γ  satisfies g(

'γ , 'γ ) = 1. A unit speed curve γ  is said to be a geodesic if ' ' 0γ γ∇ = , where ∇  is the Levi-Civita 
connection of the 4

2R . In particular an arclengthed curve γ  is said to be a geodesic if 1 0κ = , where 
is the curvature of γ . Note that if 1 0κ =  then automatically 2 0κ =  and 3 0κ = . 

Let us denote the Laplace-Beltrami operator by ∆  of γ  and the mean curvature vector field along 
γ  by H. The Frenet-Serret formulae of γ  imply that the mean curvature vector field H is given by 

(2.2)                                               ' ' 1' .H T Nγ γγ κ= ∇ = ∇ = −  

The Laplacian operator of γ  is defined by 

(2.3)                                                     2
' ' 'γ γ γ∆ = −∇ = −∇ ∇  

([1],[4]). 

The Laplacian operator along γ  associated the connection in the normal bundle is defined by 

' ' .H Hγ γ
⊥∆ = −∇ ∇  

Definition 2.1. A unit speed timelike curve 4
2: I Rγ →  is said to be 1-type timelike curve if 

.H Hλ∆ =  

Definition 2.2. A unit speed timelike curve 4
2: I Rγ →  is said to be biharmonic timelike curve if 

0.H∆ =  

Lemma 2.1. The mean curvature vector field H is harmonic ( 0H∆ = ) if and only if 

_____________________________________________________________________

_____________________________________________________________________

Euroasia Journal of Mathematics, Engineering, Natural & Medical Sciences 
International Indexed and Refereed 

ISSN 2667-6702

www.euroasiajournal.org 218 Volume (8), Issue (17), Year (2021)



' ' ' ' 0γ γ γ γ∇ ∇ ∇ =  

(see [1]). It is clear that in this case the curve  will be biharmonic curve. 

Theorem 2.1. If M is the Euclidean space Em , then along the curve γ , H satisfies 0H∆ =  if and 
only if γ  is biharmonic ( i.e., ( ) 0γ∆ ∆ =  since 0H∆ = ) [2]. 

Definition 2.3. A unit speed timelike curve 4
2: I Rγ →  is said to be harmonic 1-type timelike curve 

if 

.H Hλ⊥∆ =  

Definition 2.4. A unit speed timelike curve 4
2: I Rγ →  is said to be weak biharmonic timelike curve 

if 

0.H⊥∆ =  

 
3. 1-TYPE AND BIHARMONIC TIMELIKE CURVES 

Theorem 3.1. Let γ  be an arclengthed parametrized timelike Frenet curve of the 4
2R . Then, along 

the curve γ , H Hλ∆ =  holds if and only if 

(3.1)                                                    

'
1 1
'' 3 2
1 1 1 2 1

' '
1 2 1 2

1 2 3

0

2 0
0.

κ κ

κ κ κ κ λκ

κ κ κ κ
κ κ κ

=

− + = −

+ =
=

 

Proof. From the equalities (2.1), (2.2) and (2.3) we get 
' '' 3 2 ' '

1 1 1 1 1 2 1 2 1 2 1 1 2 3 23 ( ) (2 ) .H T N B Bκ κ κ κ κ κ κ κ κ κ κ κ κ∆ = + − + + + +  

By (2.2) and H Hλ∆ =  we have 
' '' 3 2 ' '

1 1 1 1 1 2 1 2 1 2 1 1 2 3 2 13 ( ) (2 ) .T N B B Nκ κ κ κ κ κ κ κ κ κ κ κ κ λκ+ − + + + + = −  

Thus, the equations (3.1) are obtained. Conversely, the equations (3.1) satisfy the equality  
H Hλ∆ = . 

Theorem 3.2. Let γ  be an arclengthed parametrized timelike Frenet curve of the 4
2R . Then, along 

the curve , H Hλ∆ =  holds if and only if γ  is a circular helix in a three-dimensional subspace of 
the 4

2R , where 

(3.2)                                                          2 2
1 2 .λ κ κ= −  

Proof. From theorem (3.1) we have the equations (3.1). Since γ  is a timelike Frenet curve, 1 0.κ ≠  
Thus the equation (3.1) shows that 1κ  and 2κ  are constants and 3 0κ = . Thus γ  is a circular helix 
in a three-dimensional subspace of the 4

2R  and we obtain the equation (3.2). 

Conversely, since γ  is a circular helix in a three-dimensional subspace of the 4
2R , 

2 2
1 2λ κ κ= − , 1κ  and 2κ  are non-zero constants and 3 0κ = . From that H Hλ∆ =  is satisfied. 

Corollary 3.1. An arclengthed parametrized timelike1-type curve 4
2: I Rγ →  is a circular helix in 

3
2R , for 2 2

1 2λ κ κ= − . 
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Theorem 3.3. Let  be an arclengthed timelike curve in 4
2R . Then, along the curve γ , 0H∆ =  holds 

if and only if γ  is a geodesic or a circular helix ( 1 2κ κ= ± ) in a three-dimensional subspace of the 
4
2R . 

Proof. Let I be an open interval and 4
2: I Rγ →  be an arclengthed timelike curve where its arclength 

is s. Let {T(s), N(s), B1(s), B2(s)} be the timelike Frenet frame field of γ . By (2.2), direct 
computation shows that 

2 '
' 1 1 1 2 1H T N Bγ κ κ κ κ∇ = + + . 

Let us compute the Laplacian of H 

' '

' '' 3 2 ' '
1 1 1 1 1 2 1 2 1 2 1 1 2 3 23 ( ) (2 ) .

H H

T N B B
γ γ

κ κ κ κ κ κ κ κ κ κ κ κ κ

∆ = −∇ ∇

= + − + + + +
 

Thus along the curve γ , 0H∆ =  holds if and only if 1 0κ =  or 1 2,κ κ  are non-zero constants and 

3 0κ = . So, γ  is either a geodesic in the same space or a circular helix in a three-dimensional 
subspace of the 4

2R .  

Conversely, every geodesic curve satisfies 0H∆ = , since 1 0κ = . Similarly, every circular helix in 
a three-dimensional subspace of the 4

2R  satisfies 0H∆ = , since 1 2,κ κ  are non-zero constants and 

3 0κ = . 

Corollary 3.2. An arclengthed parametrized biharmonic timelike curve 4
2: I Rγ →  is either a 

geodesic in the same space or a circular helix ( 1 2κ κ= ± ) in 3
2R . 

 
4. HARMONIC 1-TYPE AND WEAK BIHARMONIC TIMELIKE CURVES 

Let’s denote the normal bundle of the timelike curve 4
2: I R Rγ ⊂ →  with ( ( ))Iχ γ⊥ , where 

( ( ))Iχ γ⊥  = SP {N(s), B1(s), B2(s)}. For ( ( ))X Iχ γ⊥∀ ∈ , the normal connection ⊥∇  and the normal 
Laplace-Beltrami operator ⊥∆  are defined as 

(4.1)                                             
,

.
T T T

T T T

X X X T T

X X

⊥

⊥ ⊥ ⊥

∇ = ∇ + ∇

∆ = −∇ ∇
 

Theorem 4.1. Let γ  be an arclengthed parametrized timelike Frenet curve of the 4
2R . The curve γ  

is a harmonic 1-type timelike curve if and only if 

(4.2)                                                    

'' 2
1 1 2 1

' '
1 2 1 2

1 2 3

2 0
0.

κ κ κ λκ

κ κ κ κ
κ κ κ

+ = −

+ =
=

 

Proof. Since the curve γ  is a harmonic 1-type timelike curve, along the curve γ , the equality 
H Hλ⊥∆ =  is provided. From the (4.1), 

(4.3)                               
'

' 1 1 2 1

'' 2 ' '
1 1 2 1 2 1 2 1 1 2 3 2( ) (2 ) .

H N B

H N B B
γ κ κ κ

κ κ κ κ κ κ κ κ κ κ

⊥

⊥

∇ = +

∆ = + + + +
 

Thus, the equalities (4.2) are obtained.  
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Theorem 4.2. Let γ  be a harmonic 1-type timelike curve in the 4
2R  and let s be its arclength 

function. Then: 

i) γ  is a straight line, 

ii) γ  is a curve with the curvature 1 1 2sin( ) cos( ),c s c sκ λ λ= +  

iii) γ  is a a helix in the 3
2R  with the curvatures 1κ =constant, 2 ,κ λ= ±   

iv) γ  is a curve in the 3
2R  with the non-constant curvatures and 

2 2
1

cκ
κ

=  

where c, 1 2,c c  are integral constants. 

Proof. If we assume that 1 0κ = , then the equations (4.2) are satisfied. So, γ  is a straight line. If the 

1κ  is a non-constant function and 2 0κ = , then from the equations (4.2), we find ''
1 1 0κ λκ+ =  and 

the solution of differential equation is 

1 1 2sin( ) cos( ).c s c sκ λ λ= +  

If 1κ  and 2κ  are non-zero constant, then from the equations (4.2), we find 3 0κ =  and 2κ λ= ± . If 
we take 1κ  and 2κ  are non-constant functions, then from the equations (4.2), we find 3 0κ = , 

2 2
1

cκ
κ

=  and 1κ  can be calculated if required. 

Conversely, if γ  is a curve given with arc-length parameter s and if one of (i); (ii); (iii) or (iv) 
holds, then γ  is the harmonic 1-type timelike curve. 

Theorem 4.3. Let γ  be an arclengthed parametrized timelike curve of the 4
2R . The curve γ  is a 

weak biharmonic timelike curve if and only if 

(4.4)                                                    

'' 2
1 1 2

' '
1 2 1 2

1 2 3

0
2 0

0.

κ κ κ

κ κ κ κ
κ κ κ

+ =

+ =
=

  

Proof. The proof is provided with the equalities (4.4) and 0.H⊥∆ =  

Corollary 4.1. Every straight line of the 4
2R  is a weak biharmonic timelike curve. 

Theorem 4.4. Let γ  be a weak biharmonic timelike curve in the 4
2R  and let s be its arclength 

function. Then: 

i) γ  is a straight line, 

ii) γ  is a pseudo circle, 

iii) γ  is a cornu spiral with 1 1 2c s cκ = + , where 1 2,c c  are integral constants 

iv) γ  is a curve of the 3
2R  with the non-constant curvatures, in which case 
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(4.5)                                       

3

2 2
1

''
1 3

1

0

0

c

c

κ

κ
κ

κ
κ

=

=

+ =

 

Proof. If we assume that 1 0κ = , then the equations (4.4) are satisfied. So, γ  is a straight line. If 1κ  
is a non-zero constant and 2 0κ = , then the equations (4.4) are also satisfied. So, γ  is a pseudo 
circle. Further, If 1κ  is a non-constant function and 2 0κ = , then from the equations (4.4), we find 

''
1 0κ =  and the solution of differential equation is 1 1 2c s cκ = + . So, γ  is a cornu spiral. Finally, if 1κ  

and 2κ  are non-constant functions, then from the equations (4.4), we find the equalities (4.5). 

Conversely, if  is a curve given with arc-length parameter s and if one of (i); (ii); (iii) or (iv) holds, 
then γ  is weak biharmonic timelike curve. 

 
5. CONCLUSION 
In this paper we gave the characterizations of 1-type, biharmonic, weak biharmonic, harmonic 1-
type timelike curves in semi-Euclidean space 4

2R  in terms of curvatures. More precisely, we showed 
that every 1-type timelike curve in 4

2R  is a circular helix in a three-dimensional subspace of the 4
2R

,for 2 2
1 2λ κ κ= −  and every biharmonic timelike curve is either a geodesic in the same space or 

circular helix ( 1 2κ κ= ± ) in a three-dimensional subspace of the 4
2R . Also, we gave some 

classifications for weak biharmonic and harmonic 1-type timelike curves in the 4
2R . 
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